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Abstract. We investigate the geometry of a normal bundle equipped with a (p, g)-metric, i.e., Rie- 
mannian metric of Cheeger-Gromoll type, to the submanifold of a Riemannian manifold. We derive all 
natural object as the Levi-Civita connection, curvature tensor, sectional and scalar curvature. We prove 
that under some natural conditions the sectional curvature of this bundle may be bounded from below 
by given arbitrary large positive constant. Next we investigate (p, g)-metrics from the complex geometry 
point of view. We show when the normal bundle can by equipped with a structure of almost Hermitian, 
almost Kahlerian, conformally almost Kahlerian or Kahlerian manifold. 
MSC (2000) 53C07, 53C25, 53C55, 53B35. 

1. Introduction and preliminaries 

The best known example of a natural metric on the tangent TM to the Riemannian manifold (M , g) 
has been constructed by S. Sasaki in the late of 1950s. The geometry of TM with the Sasaki metric 
gs is proved to be very rigid. For example, O. Kowalski [TD] showed that (TM,g) is locally symmetric 
iff (M, g) is flat. Moreover, in [12] E. Musso and F. Tricerri proved that (TM,gs) is of constant scalar 
curvature iff (M, g) is locally Euclidean. 

Next, A. A. Borisenko and A. L. Yampolski showed the full analogy between the geometry of the 
tangent bundle and the geometry of the normal bundle to the submanifold of a Riemannian manifold. 

Another example of a natural metric on TM has been given by J. Cheeger and D. Gromoll in [TJ. This 
metric gch-G is known in literature as Cheeger-Gromoll metric. Later the geometry of (TM, gch-c) has 
been investigated by M. Sekizawa [H] and by S. Gudmundsson and E. Kappos [5]- In [5] it is proved 
that if the sectional curvature K of (M,g) is constant then (TM, gch-c) is of positive scalar curvature 
iff K is bounded by some constants. Notice also that M. T. K. Abbassi and M. Sarih invesigated in pQ 
Cheeger-Gromoll metric in the context of Kiling vector fields. 

Recently, the geometry of TM with a very general deformation of the Cheeger-Gromoll metric g a ^ has 
been investigated by M. I. Munteanu ([II])- The author of [H] determined the geometry of (TM,g a ^) 
and described some aspects of the geometry of the unit tangent bundle T\M C TM. He also investigated 
(TM, g a ,b) from the complex geometry point of view. Applying the method developed by M. Anastasiei 
in [2], Munteanu showed TM can be equipped with an almost complex structure J compatible with g a ,b- 
He proved when (TM, g a ,b, J) is almost Hermitian, almost Kahlerian, locally conformal Kahlerian, or 
Kahlerian manifold 

Independently, in [3 M. Benyounes, E. Loubeau and C. M. Wood introduced a some class of natural 
Riemannian metrics on vector bundles of Cheeger-Gromoll type. These metrics, h p>q , p, q G K, q > 0, 
called (p,q) -metrics generalize both the Sasaki metric and the Cheeger-Gromoll metric, but are less 
general than the metrics introduced by Munteanu. 



(p, g)-metrics have been discovered together with some new harmonics maps, but, as the authors 
showed, the geometry of (TM, h p>q ) is of the independent interest [4]. 

Although, metrics from [llj are much more general than (p, q)-metrics, (p, (^-metrics have very nice 
geometrical properties. Among results from [J] the following seems to be very important: Suppose that 
M is a space of constant curvature. Then there exist p and q such that the scalar curvature of (TM, h p _ q ) 
is strictly positive. 

In the light of [4] and [6] there appears a question on the geometry of the the normal bundle with 
(p, g)-metric. In this paper we investigate (p, g)-geometry of the normal bundle T^L to a submanifold 
L of Riemannian manifold M . Having (T^L, h PA ) we derive all natural geometric objects: the Levi- 
Civita connection V, curvature tensor R, sectional curvature K and scalar curvature S of h Ptq . We show 
that this objects are determined by the Levi-Civita connection V of L, normal connection V , normal 
curvature tensor R 1 - and its adjoint R, and the parameters p and q. 

We prove that (Theorem 12. ip : for every submanifold L of codimension > 2, (T^L, h pq ) is flat iff 
p = q = 0, L is flat and the normal connection is flat. 

We also obtain some estimations for scalar curvature and prove that (Theorem 12. 3p : if L is of codi- 
mension > 2, its scalar curvature and normal curvature tensor are bounden by some positive constant 
then the scalar curvature of T^L can by bounded below by arbitrary large constant. 

Next we study (p, g)-metrics from the complex geometry point of view. We prove that under some 
natural conditions it is always possible to introduce almost complex structure J on T^L compatible 
with the given h Pt q, i.e., (T^L, h p q , J) is an almost Hermitian manifold (Proposition [XT]). We also prove 
when T ± L is locally conformal almost Kahlerian, almost Kahlerian fTheorem l3.2p or Kahlerian manifold 
(Theorem (231). 

1.1. Our setting. Our important data are: a Riemannian manifold (M,g) of dimension > 2, its sub- 
manifold L C M ( 1 < dimL < dirnM) and the normal bundle it : T L — > L. g induces a Riemannian 
metric (,) on L and a fibre metric (,) in T^L. Let V be the Levi-Civita connection of (,), and V be 
the normal connection in T^L induced from the Levi-Civita connection of g. 
All maps, vector fields, sections etc. are assumed to be smooth. 

We will denote by X, Y, Z vectors / vector fields tangent to L, and by £,0 7 7 members / sections of 
T^L. Recall that the connection map related to V it is a bundle morphism K : T(T^L) — > T^L, 
uniquely determined by the conditions 

(Kl) For every x £ L and 9 € T L, K : Tg(TfrL — > TfrL is a canonical isomorphism. 
(K2) For every section £ of T^L and vector field X on L, K(^X) = V^£. 

Under the action of V\ the bundle T(T^L) splits as: T(T ± L) = IK© V, where V = kerTr* is the vertical 
bundle and 5f = kei K is the horizontal bundle. Every A G Tq(T^L) can be uniquely written as a sum 
A = "KA + VA, where OiA and VA is the horizontal and vertical part of A, respectively. 

We denote by X h and r) v a unique horizontal and vertical lift of X and n, respectively. Moreover, O 
denotes the canonical vertical vector field, i.e., for every 9 E T L, ®e is the vertical lift of the vector 9 
to the point 9, or equivalently, O is a section of V such that K(Oe) = 9. 
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Lemma 1.1 ( 6 ). Let 9 G T^L. For every vector fields X,Y on L and every sections £, e£a ofT^-L we 
have 

EW] = 0, [X h ,r,«] e = (Vj c r,)l 
[X\Y h ] e = ([X,Y]) h e -(R^(X,Y)6)l 

Lemma 1.2. For every vector field X on L and every sections £ ofT^L we have 

(i-i) r-e] = e, 

(1.2) [X h ,0] = 0. 

Proof. Take x G L Suppose £j, % = 1, . . . , d, d = codimi is a local frame of T^L in the neighbourhood 
U of x such that V x £, = at x. We may write 6 = 9 1 ^" where 9 l (r]) — rf if r\ = -n 1 ^, n G 7r _1 (?7)- 
(fTTTj) : Suppose that £ = Observe that £"0 l = £ o tt. Then we have 

r-e] = + = = (C ° = C- 

Take G T X L. Observe that (X h 9 i )(9) = 0. At the point we have 

[a'\ e] - {x h ¥)ei + o^vjc^y = o. 

Notice that the assumption that V -1 ^ = at x has been used only in the proof of formula (|1.2p . □ 
We denote by R and i? x the curvature tensor of V and V . Let R be adjoint to R- 1 , i.e., 

(R(^ V )X,Y) = (R ± (X,Y)^ V ) ± . 
Notice that by the Ricci equation it follows that 

R(^v) = -R(v,£)- 

As a direct consequence of the definition of R and the fact that R is skew-symmetric we obtain that for 
every X, Y,Z,W G T X L and every f , 77, £, G T X L, 

(1.3) (fi( J R ± (X,y)0,O^,W) = -(R ± (Z,W)Z,R ± (X,Y)9) ± , 

(1.4) (R(6,r))R(£,QX,Y) = -(R(9, v )Y,R(t,()X) 

We will also work with the covariant derivatives V^-i? x and V X R defined in a usual way: 

(V X R X )(Y,Z) V = V x (R ± (Y,Z)r ] )-R ± (V x Y,Z)n-R ± (Y,V x Z)n-R ± (Y,Z)V x r 1 , 
(Vx A) (£, = V x (%, 7?)F) - i?(V x n)Y - R{£, V xV )Y - R{£, r,)V x Y. 
Notice that W X R ± and V X R are related as follows: 

({V x R)(£,r,)Z,Y) = ((V x E x )(Z,Y)£,r?) x . 
Moreover, i? x satisfies the second Bianchi identity: 

(1.5) (v^i? ± )(y,z) + (v ± i? ± )(A,r) + (v x i? x )(z,A) = 0. 

We will also use the following convention: If -0 is a map and u belongs to the domain of ip we will often 

write ip u instead of ip(u). If £ is a section of T ± L. We will often identify £ with a map T X L — » T X L, 

9 i— > ^(e). In particular for every sections £ and 77 we often identify its fibre product (£,?7) x with a map 

l— * (C' 7 ?)^)- If 6* is a member of T X L, (£, 6) 1 - means (^e), 0) x . 
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1.2. (p, g)-metric and its Levi-Civita connection. Suppose ((, )) is a natural metric on T ± L, i.e., 
((,)) is determined by g, and tt : (T^L, ((,))) — > (Af, (,)) is a Riemannian submersion whose horizontal 
distribution is the kernel of connection map. Directly by Lemma 1 1.1 1 and the definition of the Levi-Civita 
connection it follows: 

Lemma 1.3. Let V be the Levi-Civita connection of ((, )}, and 6 £ T^L then 



(1.6) 


((V xh Y\Z h )) 


= (V X Y,Z), 


(1.7) 


2((V xh r,\Z h )) e 


= {{{R\X,Z)6)\rf))g, 


(1.8) 


2((V xh Y'\Ch 


= -{{(R x (x,Y)ey,ch, 


(1.9) 


2«V x ,r?\0) 


= x h ({ V \c)) + «(v^?r,c» - «(viow» 


(1.10) 


2((X7 v ,Y h ,Z h )) 


= {{((R ± (Y,z)er, v v )) e , 


(1.11) 


2((V v ,Y h ,C)) 


= Y h ({ V \o) - «(v^r,c*» - «(v£ow» : 


(1.12) 


2((V r C,Z h )) 


= -Z h {{rf, O) + «(V£0W» + «(V^) , c 


(1.13) 


2«V^,C» 





The generalized Cheeger-Gromoll metric on T L it is natural metric h v ^ q defined as follows: 
hp, q (A,B) = (n,A,n*B) + u p e ({KA, KB) X + q{KA, 6)^{KB, 0) x ), 
where p£l and q > are fixed and the function u) is given by 

The metric h PtQ is also called (p, g)-metric. Notice that /io,o is the Sasaki metric hs and h\^\ is the 
Cheeger-Gromoll metric hch-G- 

Remark Munteanu in [TT] considered natural metrics on tangent bundle whose analogue for normal bundle 
wolud be as follows: 

g a<b (A, B) = a(t){Tr*A, ^B) + b(t)(KA, 9)^{KB, 6) x , A,BT (T X L), 

where a,b £ C°°(R+, a > 0, b > and t = tg = \{6,6) x . Obviously, if a(t) = (l + 2ty p and 
b(t) = q(l + 2t)-P then g a , h = h p , q . 

For the future considerations, it is convenient to define the function to ^ by u> ^/q{&) = U)(y/q6), i.e., 

1 

Lemma 1.4. Let 9 £ T ± L and x = tt6. We have 

(1) x h ((v v ,e)) = «(v^r,o> + (w, Fun, 

(2) (((rHx, Y)ey,eh = " P (R(6, ox, y) x , 

(3) C«rf , O) = -2 P ^ +1 <e, 9) 1 - (fa, C) x + gfa, ^<C, 0> x ) + g^«f, r?) x (C, 0^ 
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Proof. (1) Take a V^-parallel vector field e such that e(0) = 8 and e(0) = X h (9), and let 7 = ire. Then 
the derivative of 1 1— > o/^ is equal to zero. Moreover, 

(<^,r)}e(t)=< t) (^(7(i)),e(7(t))) ± +?M7W),e(t)) ± ^(7(i)),eW) ± )- 



Consequently, 



t=0 



d_ 

di 



e(t) 



j^(7(i)),e(7W)> ± +?(^(7W), e W> ± (?(7(t)), e (t)> ± ) 

= ^((V^r?,^)^ + (»?(»), V^oO" 1 

+<Z«V^ (0)?7 , e(0)}^(x), e(0))^ + (r,(x), e(0)>^ (0) £, e(0))^)) 
= ^((V^r?, ^x))- 1 + g(Vi (0) 77, tf)^(x), 0)^) 

(2) Since Y)6, 6)^, we have 

«(i^ (X, Y)6)\e)) 6 = <4((R L {X, Y)0, fa))"- + q(R ± (X, Y)6, fl}^), 0)^) 

= ^(R^x^e,^)) 1 - 

= u, p e (R(e,0X,Y) x . 

(3) Take any curve 7 in the fibre T^L such that 7 (0) = 6 and 7(0) = f (0). Then {Kn v ^(t)), KQ V {l^)) 1 - = 
(ri(x)X(x)) 1 - and {Krj v (j(t)), -/{t)) 1 - = (r)(x), 7(t)) ± . Thus we have 



((v v ,CUt) 



t=0 



d_ 

dt 



t=o 



(^ (t) (( ?? (x),C(x))^+ ( z( ?? (x),7(t)) ± (C(x),7W> ± )) 

-2p^ +1 (e, e) 1 - «„, c) x + ?<»?, ^(C,^) 

+^((C,r7> ± (C^) ± + (e,0 X (^e) ± ). 



Lemma 1.5. Let e T^L. TTie Levi-Civita connection V o/i/ie Cheeger-Gromoll type metric h Ptq 
is given by 



□ 



(1.14) 

(1.15) 

(1.16) 
(1.17) 



(yx h Y h ) e = {V x Y) h e -\{R±{X,Y)6y e , 

(v^-it = ^(i?(MP0£ + (v^, 
(v„.y fc ) e - ^(^(mM, 

+M&0> ± <>7,0>- L + w<£,»?>- L )e 9) 



where v and /j are functions defined by 

pqujg 



Ik) 



q+puje 
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Proof. flUTH) : :t follows directly from ((LSI) and (p~H|) . 

(|1.15[1 : The equality of the vertical parts follows from Lemma [1.41 (1) and (|1.9[) . the equality of the 
horizontal parts follows from Lemma 11.41 (2) and (|1.7I) . 

(|1.16|) : The fact that the vertical part of the left hand side is degenerated follows from Lemma fOl fl) 
and p. lip . Thus the equality follows from Lemma [L~4l (2) and p. 1011 . 

(|1.17|) : The horizontal part of the left hand side is degenerated by (11.12j) and Lemma fT~4l (1). 

By (|1.13[) and Lemma 11.41 (3) we get 

(1-18) {(V?ri v ,Ch = l(t v ((r) v ,C))+r) v ((e,e))-CU v ,r) v ))) e 

-pq^^e^^e^ice)^. 

If 8 = then right hand sides of (|1.18|) and (II . 17[) are equal to zero, so our assertion follows. 

Suppose that 8^0. We write ip — (V^f^e, for simplicity. Applying the definition of ((,)) to the left 
hand side of (|1.18| we obtain 

(1.19) Lo p g (Kp + q(Kp,8)H) = -^ +1 «£,0> X *?+<?7,0> X O 

+cv p e (pu;g+q)(^r ] ) ± e. 

Moreover, observe that 
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where the first terms of the right hand sides of the identities is orthogonal to 8 with respect to the fibre 
metric (, )-*-. Substituting these identities to (|1.19p we see that the coefficient at 8 must be equal to zero. 
Consequently, 

(Ken 0\± - (M)^ + g) ,1 pu Je (q(6,0)- L + 2) x ± 
Substituting this identity to ([TTT9"|| we obtain (fTTTTj) . □ 
Notice that by (|1.17p it follows that the fibres T^L, x 6 L, are totally geodesic. 
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Corollary 1.1. For every vector fields X,Y,Z on L, every sections £,rj, C ofT L, and every 9 £ T^L 
we have 

P 

(V [X H <Yh] Z h ) g = (V [x , Y] Z-^-R(e,R ± (X,Y)9)Z) h d 
~(R ± ([X,Y],Z)e) v e , 

+(^[x,y]V + P"e(ri, 6) X R ± (X, Y)9) v g , 
{V [xh ^Z h ) e = ~ul(R(6,V x OZ) h , 
(Vix\e>]1 v )e = -P^e((V x tO) ± r 1 + (^9)^^)1 

+Mvi& 9) ± ( v , 9) 1 - + Me (vie, »7>- L ) e e fl 

Proof. Direct consequence of Lemmas 11.51 and 11.11 □ 

1.3. Kowalski type lemma. If tt' : E' — ► JV and 7r" : £"' — > iV are vector bundles then a (smooth) fibre 
preserving {it" B = 7r') map £? : E' — > £"' is called a bundle morphism if for every x £ N, B : E' x ^ Elf, 
is linear. The following is a version of the Kowalski's Lemma jTOJ P- 125] for T^L. Since the proof of 
Lemma ll .61 can be based on the same method as Kowalski's one, the demonstration is omitted. 

Suppose that F : T — ► T^L and G : T^L — > Ti are bundle morphisms then we define the vertical 
lift F v and the horizontal lift G h of F and G as follows: 

F v (9)=[F(9)]l G h {9)=[G{9)] h e . 

Notice that the canonical vertical vector field is nothing but the vertical lift of the identity map 
Id : T ± L -> T ± L. 

Lemma 1.6. Let 9 £ T^L and tt9 = x. Then for every vector £ £ T X L, we have 

(V e ^) e = {F(O) V e -pu;o((t0) ± (F(9)y e + (F(9),9^Co) 

+He(Z, F(9))^Q e + Mt, ^ W). °)^®e 
(V e G'% = (G(O) h e + < f(mOG(0)) h e . 
Let X £ T X L. If ij satisfies (V x rj) = and r\ x —9 then 

(V xh F v ) e = (VMFo V y) e , (V xh G h ) g = (V x ,(Gor,)' ! ) e . 

Proof. We will prove above formulae for F. Proof for G is analogous. Let A £ Tg(T^L). Denote by d 
the codimension of L. In a neighbourhood U of x we may write 

d 

^ = E A ^> 

i=l 
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where is a local ortlionormal frame of T ± U, and Xi £ C°°(Tr 1 (£/)). Since F is a bundle morphism, 

Xi restricted to the fibre T^rL is a linear functional . Notice that Xi = (F,^)- 1 . We have 

d d 

v a f» = + E A< w^e 

i=l i=l 

Let a be a curve in T^L defined by a(t) = 9 + t(. Then = a(0). Thus taking A = f$ we get 
AAi = A l (£). Consequently, 



{V^F v ) e = F^ + ^2{F,^)i(V^ 



Now the formula follows by Lemma 11751 

Next, let rj be a section of T £ such that r){x) — 9 and (V^-ry)^ = 0. Then Xg = rj^X. Thus, taking 
A = X v g we get AX 1 = (r] Sf X)X l = X(X l o jy) and X l {9 = (A 1 o t})(x). Consequently, 



On the other hand, (F o r/)£ = (A 1 o 77 o 7r)(0)(&)g and X£(A' o 77 o tt) = X(A l o 77). Therefore, 
( V xh (F o 77)") 9 = X$ ( A 1 o v o tt) (6 )S + E ( A ' ; V ° tt) (^) ( V x „ 9 . 



i=l 



i=l 



Hence the second formula is proved. 



□ 



Remark In the case of the tangent bundle of a Riemannian manifold equipped with the Sasaki metric 
above lemma is due to O. Kowalski [10] . However, his proof is based on some other method than ours. 



Let Y, Z be vector fields on L and £ be a section of T^L. Consider bundle morphisms Id : T^L — > T L, 
R^{Y,Z) : T^L -> T^L and -R(C)fY) : T x i -> TL, where .R(C)(Y)0 = R((,9)Y. Then by LemmaO 
we have 



(1.20) 
(1.21) 

(1.22) 
(1.23) 
(1.24) 



(1.25) 



(v e e) 6 

(V e i? ± (F,Z)") 6 

(v e i?(C)(r)' l ) 6 

(V x uG) t 
{V xh R ± (Y,Z) v ) f 



(R X (Y, Z)0 v e - pu> e {£, 0) X (R^{Y, Z)9)\ 
+V8(t 1 R ± (Y,Z)9) ± e 8 

(R(C,OY) h e + l f(R(e,OR(C,0)Y) h e , 



= 0, 



'^{R(e,R ± (Y,Z)0)X) h e 
+{(yj t R ± ){Y,Z)8) v g 
+ (R ± {V X Y, Z)0 + R X (Y, V x Z)6) v ei 
\(R x (X,R(6X)Y)6) v e 
+((VxR)((, 9)Y + R{V X C, 9)Y + R(C, 9)V x Y) h . 
2. The geometry of T ± L 
In this section we assume that T^L is equipped with the Cheeger-Gromoll type metric h p q = ((, ] 
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(V xh R(0(Y) h ) g 



2.1. Curvature tensor and sectional curvature. 

Lemma 2.1. For every vector fields X,Y,Z on L, every sections £,77, £ ofT^L and every 9 6 T^L we 

-^((Vi^)^, Z)6 + ^(VxF, Z)0 

+i? ± (r,Vx^)e + i? ± (^,VyZ)^)^ 

-^((v x i?)(c,0)r + i?(vic,^ 
+£(C,0)VxF + ii(v x -c,0)x)J 

-^f((Vxi?)(C, 0)r + R(V X (, ff)Y + £(c, e)v x Y) h e 

- \ (R 1 - (Y, Z)0 v e - Ptoe M) x (R 1 - (Y, Z)9) v g 
-^ e ^,R ± (Y,Z)0) ± Q e 

(v^z h ) e = ^(m v )z + ^R(e,OR(o,v)z-2pu le (^e) ± R(e,r 1 )z) h g , 
(v e v^7f) e = ^(m,7 1 )z + ^R(e,OR(9,v)z-2puj e ((,e) ± R(e,r ] )z) h g 

p+i 

-j*; fl «V&, e^r, + (V x rj, 0) x £ + (£, e) x V^ + (ry, 0> x Vi^ 
+^(V X : £,0> X <7 ? ,0) X + (^O^iVx^e^Qg 

+/^((vie, ? 7> ± + (vir,,o ± )e e , 

-puedCr)) 1 - - u e ((,6) ± (r ] ,6) ± (p + 2))e 

+ (pcjg(pu le + 6)^(1!, 0> X - (p(l - w 9 ) - 1)^<£, v)^)C 

-UJ V ^ e (pg(3-2uig)+Ul V qg (q 2 + 2puj 2 g )) (£,^((,0)^6 

-jfiufa^amO^iCQ 1 - + (£,0> x (C,??> x )e e 

-u e {2v e + Sue + wourfop -p- 2q)) (£, 0) x (r7, 0) X (C, 0) x e e 

Proof. All formulae are consequence of Lemma Tl.51 and formulae (11.20p - (|1.25|) . However, a proof of the 
last identity is laborious. 
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Notice also the symmetry V^V^rj v = V^V^f that follows from the facts that [t? 11 ,^] — and V 
is torsion free. □ 

Proposition 2.1. Let X,Y, Z be vector fields on L cmd £, 77, £ be sections ofT^L. The curvature tensor 
R of ' V at the point 9 G T L is given by: 

R e (X h ,Y h )Z h = (R{X,Y)Z) h g 

-^-(r[6, R^iY, Z)6)X - R(6, R^(X, Z)0)Y - 2R(6, R^{X, Y)8)z) * 

R e {X h ,Y h )rf = ij-((V x R)(e, v )Y-(V Y R)(e, V )X 

+ {R ± (X, Y) v ) v 9 + ^ R(6, n)X)6 - R^(X, R(9, rf)Y)6 

-p4{ri, 9)^(R ± (X, Y)9) v g + Me(i? x (X, Y)9, 1? )- L fl) 

Re{X\rf)Z h = ^L((y x R){6, ri)Z)\ + \{R\X, Z)rj) v g 

-^(rj,e^(R^x,z)e);-^(RHx,R{9, v )z)ey e 

+~Ve{R ± (X, Z)6, 7]) x Q e 
Re(X\v v )e = ^^({v,0) X mOX-^,e) x R(e,rj)Xy e -^(R(r,,OX) h e 

2p 

— J-(A(M)A(0,O*)J, 

V)Z - R(9, v)R{6, 0Z) e , 

-oj v?je (q + pu>e(2u;e - (p - 2)(1 - Wfl ))) (£ j?)^ 
- Wfl (2i/ e +p(p- 2)cj^cj e )<J7,e) x (e^) x a 
+uv5»(« + pwe(2w 9 - (p - 2)(1 - u e ))){Z,v)eG 
+uj^qe(u^qe(q 2 - p(p - 2)w|) + i/ e ((p - 2)uj g + 3 - p)) 

•«C ! r?) ± <e^) x -(e^) x <C^) ± ) e e e 

Proof. All formulae are a direct consequence of Lemma 12. II and Corollarv ll.il However, in a proof of the 
first formula we also apply the second Bianchi identity (|1.5p . □ 

Notice, that R(£, v , rj v )£ v can be written in the form 
(2.1) Re(C,V v )C = ae(C,e) ± ((r,,e) ± e-(^e) ± r, v ) e 

+ce({Z,e) ± {r),0 ± - M>- L (e,c>- L ) fl e e , 
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where ag, bg and eg are given by 

puj 2 (p + q-2-q(9,9} X ) 



1 — <l..t>- V} 1 

bg = 



Proof. Write, for simplicity, f , if, X h and Y h instead of Q, 7$, X% and Y g 



2 P me- P 2 (6,d) ± u Je t + q 
l + q(0,0) x 

pqujg -q 2 + uJ 2 e {p 2 - 2p(l + q) + pq(p - 4)(0, 9) X ) 
Observe that these functions satisfies the identity 

(2.2) ag - qbg = U^gCg. 

Proposition 2.2. Given X, Y £ T X L and £, r) S T X L be pairs of orthogonal vectors of unit length. Let 
9 G T X L. Then the sectional curvature K of ((,)) at 9 is given by: 

(2.3) K{X%AY e h ) = K{XAY)-lul\R\X,Y)e\l, 
(2-4) k{XiM&) = \ 1+{ ?1 9) ^ \^V)X\\ 

where K denotes the sectional curvature of (,), | |j_ = (,) and | | 2 = (,). ./Vote that if L is dimension 
one (resp. codimension one) submanifold then K(X h A Y h ) (resp. K(£, v A rf)) is omitted. Moreover, in 
these cases K(X g A rf g ) = 0. 

h 
) ■ 

The formulae (|2.3|) - (|2.5p are a consequence of Proposition 12.11 and the identities (|1.3[) and (|1.4|) . 
However, applying O'Neill's formulae (see [5], Chapter 9 §D) we may prove (|2.3j) and ()2.4|) in much easier 
way. 

Since the fibres of T ± L are totally geodesic the O 'Mil's formulae becomes: 
K(X h A Y h ) = K(X AY) - ^\\V([X h ,Y h })\\ 2 , 

K(X h A V v ) = -l-(||J£(V^)|| 2 -||V(V^X ft )|| 2 ). 

Since, \\V([X h ,Y h })\\ 2 = ^^(X, F)6»|i formula follows. Since, V^X h is horizontal, || K(V xh r) v ) \\ 2 
\uj 2 P\R{9,rf)X\ 2 and \\r) v \\ 2 = + ((r),9) x ) 2 ), the formula follows. 
We prove formula l|2.5p . We have 

« ^ uen 2 M 2 -«e,^» 2 ' 

Denote by TV and Z? the numerator and the denominator of K(£" A rf), respectively. Applying the 
definition of ((, )) we obtain 

Uril 2 = ^(l + g((£,^) 2 ), 

h"|| 2 = ^(l + g« ?7 ,^) 2 ), 

((Crf)) = qu;g((,6) x ( V ,6) x , 

((e,e e )) = ^,9) x {l + q(9,9) x ). 
li 



Consequently, 



(2.6) 



D = u,?(l + q({(t,6) ± ) 2 + (T,,6) ± ) 2 ) 



Next, by (|2.ip . we obtain 



V 



It follows that 



(2.7) AT = u%{ae{(n, 0) x f + {<fre + (1 + q(0, 9) x )c e )((£, 8)^) 2 + b e ) 



Now (|2~K|) is a direct consequence of (|2~BT) . (|2~7)) and ([2~2]) . 



□ 



Corollary 2.1. Suppose dimL = 1 and dimM = 2. Then for arbitrary pel and q > 0, (T^L, h p-q ) is 
flat. 

As a consequence of Proposition 12. II and Proposition 12.21 we obtain (compare [SJ Theorem 1]): 

Theorem 2.1. Suppose that codimL > 2. The manifold (T^L, h p . q ) is flat iff p = q = 0. (L, (,)) is flat 
and the normal connection V is flat. 

Proof. (-4=) A straightforward consequence of Proposition ^. II 

(=>) We have = Rg(X h , Q)Z h for every X, Y and 9. Consequently, for every X, Z and 6 



It follows that R = 0, i.e., the normal connection V is flat. Next, for every vector fields X, Y and Z 
we have = R e (X h ,Y h )Z h = (R(X,Y)Z)%. Thus R = 0, so (L, (,)) is flat. 
Now we must show that p = q = 0. By Proposition 12.21 it follows that 



for every orthonormal £,77 (codimL > 2) and every 9. Applying the definition of ag and bg, and substi- 
tuting 8 — to (|2.8|) we obtain that (7 = — 2p. Keeping this in mind, and substituting 9 = £ to (12. 8|) we 



2.2. Scalar curvature of T ± L. Assume that d — dimL and d' = codimL. Take 9 E T X L. First we 
construct an orthonormal basis of Tg(T^L). Consider two cases (i) 9 = and (ii) 9^0, separately, 
(i) Since 9 — we see that 



Take an orthonormal basis (Xi, . . . ,Xd) of T X L and an orthonormal basis (£1, . . • ,£<i') of T X L. Put 
Ei — (Xi)' g l , i = 1, . . . , d and L,; = i — 1, . . . , d' . then one can see that {E\, . . . , Ed, F\, . . . , LV) is 

an orthonormal basis of Te(T-'-L). 



(ii) If 9 7^ we proceed as follows: Take an orthonormal basis (Xi, . . . , Xd) of T X L and an orthonormal 
basis . . .,&/) of T^L where £1 = (1/|0|_l)0. Put E t = (X^, i = l,...,d and 




(2.8) 



^((e,0> ± ) 2 + ((^0) ± ) 2 ) + 6 fl = o, 



get p = 0, and then g = 0. 



□ 



= (7r*A,7r»B) + (ATA, KB) , A,B e Tg(T L). 




Obviously, ((Ei,Ej)) — Sij and ({Ei,Fj)} — 0. Write Ft = 8iUJ e 2 where 5\ = lj and Si = 1 for 

i = 2,...,d' 

Now applying the definition of Si we easily check that ((Fi, Fj)) = Sij. 

Theorem 2.2. Adopt above notation. Denote by S and S the scalar curvature of (L, (, )) and (T^L, ((, ))). 
Take 9 £ T^~L then 

n d 1 d d' 

(2.9) S = S x - l ^J2\R^(X u X j )e\l + -u; p 9 J2T / ^^ X ^ 

i,J=l i=l j = l 

+{d' - lJw^V^ [2ag{6, 6) 1 - + b {d' + (<T - 2)q(0, 0) x )] , 

where d and d! denote the dimension and codimension of L. 

Notice that if dim L — 1 (resp. codimL = 1 then the first (resp. last) term in S is omitted. Moreover, 
if dim L = 1 and dim M = 2 i/ien S* = 0. 

Proof. Clearly it suffices to prove (|2.9p for 6* 7^ 0. 

Let £ = (.Ei, . . . , Ed, F-y, . . . , Fd/) denote an orthonormal basis of Tg(T ± L) from (ii). We have 

S = 2^K(E i AE j ) + 2^K{E l AF. J ) + 2^K{F i f\F, J ) = 2<T l + 2<T 2 + 2o- ? ,. 

i<j ij i<j 



By the definition of £ it follows that 



o x = ]Tx((^)£,P0)£), 

i<j 

a 3 = 



Applying (|2.3p we obtain 



a x = J^(K(X i AX j )-^ l 4\R L (X i ,X j )0\l 

i<j 



Applying (|2.4p we obtain 
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Applying (|2.5[) we obtain 



= (d' - l^uy^MM^ + 6 e ) + {d ' ~ ^ ~ 2) ^& 

= i(d' - 1)0^^(2^(0, 0} x + 6 e (d' + («f - %(0, 
This finishes the proof. □ 
2.3. Estimates of the scalar curvature. State the step key 

Lemma 2.2. Let c\,C2 G K and d' G N, d > 2. There exist pel and q > suc/i £/iai £/ie following 
function <£> = $ Cl , C2 is strictly positive for t > 0. 

J (1 +t)P- 2 

J (l + t)P + {l + qtf 
Here P is a polynomial of form 

P(t) = a t 3 + ait 2 + a 2 t + a 3 , 

where 

a = (d'-2)q 2 , 

ai = - g (6j5 + 2p 2 -4,7 + d'(l + 2j3+2 g -p 2 )), 

a 2 = 2g(p + d') + < ? (d'-2)(2p + < 7 )+p(d , -2)(2- : p), 

a 3 = d'(2p + q). 

Let C > 0. We say that R ± (resp. i?) is bounded by C if for every x G L, every X, F G T X Z/ and every 
^r, G T^L |^(X,rKU < C|X||F||CU (resp. |%,t?)X < C|£LMx|X|). 

Theorem 2.3. Let D > 0. Assume that L is a submanifold of (M,g) codimension > 2. Suppose that 
there exists C > suc/i i/ia£ | jS* | < C, |JZ | < C, where S denotes the scalar curvature of L. Then there 
exists a (p, q) -metric h p _ q on T^L such that the scalar curvature of (T L,h Pt q) is > D. 

Proof. By theorem 12.21 we have 

t^(SW-D) > -^(C + D)-^d"C» m i 

+uj e p cj V gg(2ag(6, 9)^ + b e {d' + {d! - 2)q(0, 9) x )) 

= *c u c 2 (\8\l), 

where c\ = —-grzi(C + D) and c 2 = j^—^d' 2 C. Now the assertion follows by Lemma |2"?2"1 □ 

Corollary 2.2. Suppose L is compact submanifold of codimension > 2, then there exist p G K and q > 
such that the scalar curvature of (T L, h Pjq ) is strictly positive. 

Corollary 2.3. Suppose L is one- dimensional submanifold, i.e., L is a curve, in M with dimAf > 3 
then then there exist p G R and q > such that the scalar curvature of (T^L, h Piq ) is strictly positive. 
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3. A NATURAL ALMOST COMPLEX STRUCTURE ON T^L 

We want to find a natural almost complex structure on T^L compatible with the given (p, q)-metric 
h p ,q = ((,))• Clearly, dimT^L can be odd, so in general it is impossible. Therefore, we restrict our 
consideration to the following case: 

M is 2k -dimensional manifold equipped with an almost complex structure J, compatible with the metric 
g, and L is a k- dimensional totally real submanifold in the sense that: for every x £ L, T X M splits as a 
direct orthogonal sum: T X M = T X L® X J(T X L). 

3.1. An almost complex structure. Modify a method form [TT] we will seek an almost complex 
structure of the form: 

(JOe = a{JO h e+b{U)^Jei 
(JX h ) e = c{JX) v e +d{JX,6)^Qe, 

where a,b,c,d are functions on T^L, and J h denotes the horizontal lift of the bundle morphism J : 
T^L — > TL. Moreover, we may suppose that the functions a and c are non-negative. 

We must have J 2 = — 1 and h Piq o J — h p q . Writing each from these equalities for horizontal and 
vertical vectors we get 

ac = 1, 
ad + b(c + d(0,8) ± ) = 0, 
cb + d{a + b{e i 9)^) = 0, 

from the first one, and from the second one 

a 2 = 

c 2 u;P = 1, 

a- 2 (2ab + b 2 (0,0} ± ) = q, 



qd 2 ((9,e) ± ) 2 + {d 2 + 2cdq)(9,9} ± + 2cd + c 2 q = 0. 



It follows that: 



= t,)2 - Cg = LO " 



E l±Jl + q(6,9) 1 - , _ E q(9,9) ± + l± Jl + q(9,( 

bo = —uj 2 ,„ „, i , an = —to 2 



<M> x (i + <?<M> X ) 



If we choose the minus sign in b or d then we obtain a singularity at 9 = 0. Since we want J to be defined 
on the whole T^L we choose minus sign in '±' in both b and d. Then we may write on the whole T^L: 



, £ Q .1 

bg = oj 2 ■ 



l + ^l + q(9,9)^ uj~ 2 1 + q{0,0)± + y/l + q{6, 

We proved: 
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Proposition 3.1. (T L, ((,)), J) is an almost Hermitian manifold if J is given by: 

(Je) ' " " l ( (Jfl! + ITOT (t9,1 4 

Notice that if p = q = then J£> = (J£) h and JX h = (JX) V . 

3.2. On the integrability of J. In this section we assume additionally that (M, J,g) is Kahlerian and 
L is totally geodesic. Moreover, let V 9 and R 9 denote the Levi-Civita connection and curvature tensor 
of g, and let K be the sectional curvature of (L, (,)). Recall that on a Kahler manifold, J is parallel, i.e., 
V s J = 0, and R 9 satisfies the following ([9l Proposition 4.5]): 

(3.1) R 9 (V,W)(JU) = J{R 9 {V,W)U), R 9 {JV,JW)U = R(V,W)U, 

for every vector fields V,W,U on M. 

Suppose J is given as in Proposition 13. II We ask whether J is integrable. Let N be the torsion of J. 
Recall, that N is a tensor field of form: 

\n{A, B) := [J A, JB] - [A, B] - J[A, JB] - J[JA, B], 
Theorem 3.1. Suppose (T L,J,hpq) is Hermitian. Then L is the space of constant curvature 



Proof. Since N(X h , Y h ) = 0, applying Lemma Tl. 2 1 and the identity V ff J = 0, after derivations we get 

R X (X,Y)6 = <I>(9)((JY,6) ± JX - {JX,6)^JY), 

where 

m = (i + (o, e^y- 1 (p + P yi + q (o, ej T + q + q {e, e) x ) 

Suppose now that X, Y are orthogonal and have unit length. Putting 9 = JY and applying the above 
we have 

{R ± {X,Y)JY,JX) X = <P{JY)((JY,JY) ± (JX,JX) ± -((JX,JY) ± f) 

= $(jy). 

On the other hand applying Ricci equation, (|3.ip and the fact that L is totally geodesic we get 

(R ± (X,Y)JY,JX) ± = g(R 9 (X,Y)JY,JX) 

= g(J(R 9 (X,Y)Y),JX) 

= g(R 9 (X,Y)Y,X) 

= K(X AY). 

Since (JY, JY) 1 - = (Y,Y) = 1, the assertion follows. □ 
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3.3. Fundamental form. In the present section we adopt the assumptions from Section 
Let ip be the fundamental form of (T L, J, h p>q ), where h p . q = ((, )): 

<p(A,B) = ((A,JB)), 

for every A,Be T(T^L). By the definition of J it follows directly that 

(3.2) <p(X h ,Y h ) = 0, <Kf,O=0, 

(3.3) MX h ,C) = uf((X,JQ-- . Q (g,fl) x (X,Jfl) ) . 



Lemma 3.1. We h 



ave 



(3.4) (d<p)(e,V v ,C) = o, 

(3.5) (dtp)(X h ,Y h ,Z h ) = 0, 

(3.6) (d^)(X h ,Y h ,C) = 0, 

(3.7) W) 6 (?,rf>,X h ) = coftpLue-- 9 ) ((£ 6) X (X, Jr,) 

\ 1 + y/1 + q(0,9) ± J 

-{r,,e)^{X,J0) e 
Proof. Recall that for every vector fields A, B, C 

(3.8) (dcp)(A,B,C) = Ap{B,C)~ B(p{A,C)+C<p(A,B) 

+tp{ [A, C],B)- p ([A, B],C) — <p([B,C],A) 

(|3 .4|) : It follows directly from the second identity in (|3.2p and Lemma [T~T1 

(JHSJ): Let A = X h , B = Y h and C = Z h . By (pT2f if follows that the three first terms on the right 
hand side of (|3.8p are equal to zero. Applying Lemma [l.ll and the equality (R (X, Y)6, 6) — we 
derive that 

M[A,B],C) = M\X,Y]\Z h ) 

= Mz h ,(R^(x,Y)ey) 

= u${Z,JR^{X,Y)6) 
Since (M, g, J) is Kahlerian and L is totally geodesic, by Ricci Equation it follows that 

(Z, JR ± (X,Y)9) = -(R 9 {X,Y)Z, JO). 

Consequently, 

(dcp)e(A,B,C) = uf {R 9 {X,Y)Z + R 9 (Z,X)Y + R 9 {Y,Z)X, JO) = 0, 

by the first Bianchi identity for R 9 . 

(|3.6p : Keeping in mind that V 9 J = one can obtain 

X^(Y\C) = ojf((V x Y,J!;) + (Y,JV x O)e 

-Jj- h q , «V^e, O^iY, J6) + (£, e^iVxY, Jfl)), 

1 + V 1 + w°) 
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Y e h <p(X h ,F) = u e *({V Y X,JO + {X,JV^)) e 

-Lof - - ^JL ===((V^, d^iX, JO) + (£, ^(Vyl, J6)) e , 

M[X'\Y%C) = 4 (([X,Y],J0 e -- q == (Z,e) ± ([X,Y],J6)) , 

- -wf f (Y JVjcOe 7= = (V^^,g)- L (y,Jg) ) , 

V 1 + v/1 + g(00)- L / 



Now by these and f|378|) . (f3T6|> follows. 

([XT]) : Directly by Lemma [HI (|3"2]l and (O it follows that 

(^)r , V V , x h ) = £W, x h ) - v v ip(e,x h ). 

Now p.7|) is a straightforward consequence of simply differentiation. □ 

Let a be a one-form on T L determined by the conditions: 
a{X h ) = 0, 

Theorem 3.2. TTie almost Hermitian manifold (T L, J, is locally conformal almost Kahlerian, 

i.e., 

dip = a A ip. 

In particular, (T L, J, /i p . 9 ) is almost Kahlerian iff p = q = 0. 



Proof. The assertion follows directly from Lemma l3.1[ the definition of a and the identity 

(a A p)(i4, B, C) = a(A)tp(B, C) - a{B)<p{A, C) + a(C)ip(A, B), 
for every A,B,C £ T(T ± L). □ 

Lemma 3.2. Suppose p — and q — i/ien 

^(x ft ,y /l ) = 2(i? ± (x,r)0)?;, 

Ne(X h ,C) = 2(Ji? ± (X, J00)£. 
Theorem 3.3. (T L, J, /i p , g ) is Kahlerian iff p = 0, q = and V is flat. 

Proof. A direct consequence of Lemma 13.21 and Theorem 13.21 □ 
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